In this paper, we continue our investigation of relative difference sets fixed by inversion. We exclusively focus our attention on abelian groups. New necessary conditions are obtained and a new family of such relative difference sets with forbidden subgroup Z/4Z is constructed. The methods we use are character theory of abelian groups and Galois rings over Z/4Z.
Introduction
Let G be a finite group. A subset R ⊂ G is called a relative difference set relative to a subgroup N < G if there exists a constant such that (i) for every element g ∈ G \ N , there are exactly pairs of elements r 1 , r 2 ∈ R such that g = r 1 r −1 2 ; (ii) for every g ∈ N \ {1}, there exist no elements r 1 , r 2 ∈ R such that g = r 1 r −1
.
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In the case where N = 1, R is simply called a difference set of G. A relative difference set R is said to be fixed by inversion, or reversible when G is abelian, if R = R (−1) := {r −1 | r ∈ R}.
In the case where N has order n, G has order mn, and R has size k, the relative difference set R is called an (m, n, k, )-relative difference set; while if N = 1, then R is simply called an (m, k, )-difference set. When N = 1, the subgroup N is called the forbidden subgroup. An (m, n, k, )-relative difference set in a group G gives rise to a (m, n, k, )-divisible design on which the group G acts regularly and transitively. The forbidden subgroup is the stabilizer of a point class of the design. When n = 1, the corresponding design is a symmetric design. Relative difference sets fixed by inversion have been investigated by Arasu et al. [2] , Leung and Ma [11] and Ma [12] . In the first paper of this sequence [5] , we discovered a (30, 2, 29, 14)-relative difference set fixed by inversion in the alternating group A 5 and established connections between relative difference sets fixed by inversion and distance regular graphs. In this paper, we continue our study of these relative difference sets in abelian groups.
Let G be a finite abelian group and Z[G] the group ring of G. For a subset S ⊂ G, we identify it with the group ring element for any integer t. With these group ring notations, a subset R of G is an (m, n, k, )-relative difference set in G relative to a subgroup N of G if and only if
and R is reversible if and only if R = R (−1) . A character of an abelian group G is a homomorphism from G to the multiplicative group C * of all non-zero complex numbers. The trivial character which maps every element g in G to the complex number 1 ∈ C * is called the principal character. The set of all characters of G forms a group with the principal character as the identity. This group is called the dual of G and is denoted by G. Every character ∈ G can be extended to a ring homomorphism from Z[G] to C. By the Fourier inversion formula, two elements X and Y in Z[G] are equal if and only if (X) = (Y ) for all ∈ G. In terms of characters, relative difference sets in G relative to a subgroup N of G can be characterized as follows. 
The main results concerning reversible relative difference sets are contained in [2, 12] and can be summarized as follows. Proposition 1.2 (Arasu et al. [2] , Ma [12] ). Let R be a non-trivial reversible (m, n, k, )-relative difference set in an abelian group G relative to a subgroup N of G. Then (1) m = k = n is a square, is even and n| ; (2) n is a power of 2; (3) N is a direct factor of G; (4) |R ∩ gN| = 1 for all g ∈ G; (5) R (t) = R for all t relatively prime to mn; (6) 
if H is a proper subgroup of N of order h and : G → G/H is the natural epimorphism, then (R) is a non-trivial reversible (m, n/ h, k, h)-relative difference set in G/H relative to N/H .
According to Proposition 1.2, the parameters of a reversible relative difference set must be of the form
where s 0, t 1, and u 1 are integers and u is odd. We may further assume G is of the form H × N for some abelian group H of order 2 2(s+t) u 2 . When t = 1, these reversible relative difference sets are intimately related to the so called Hadamard difference sets. In fact, a transversal R of N in H × N , i.e. R a subset of H × N which intersects with every coset of 1 × N in H × N in exactly one element, for |N | = 2 and |H | = 4n 2 is a (4n 2 , 2, 4n 2 , 2n 2 )-relative difference set if and only if R ∩ H is a (4n 2 , 2n 2 ± n, n 2 ± n)-Hadamard difference set. For details about Hadamard difference sets and reversible Hadamard difference sets, see [4, 10, 3] . In this paper, we only consider cases with t 2. Our main results are [12] with negative answers while Theorem 1.4 presents the first known family of reversible relative difference sets with the exponent of the forbidden subgroup exceeding 2.
The rest of the paper is organized as follows. In Section 2 we prove Theorem 1.3. In Section 3 we present a new version of Galois rings over Z/p 2 Z. Theorem 1.4 is proved in Section 4 while in Section 5, we discuss a connection between our newly constructed relative difference sets and quaternary arrays.
Proof of Theorem 1.3
We break the proof of Theorem 1.3 into several lemmas. The first part of the theorem is a strengthened version of a result of Ma [12, p. 430 , and Theorem 3.2]. The main ingredients of our proof are from [12] . Let R be a reversible relative difference set in an abelian group G relative to a subgroup N of G.
. . , |G 2 | }, we can decompose R and get Proof. For every character ∈ G 1 , let 1 , 2 , . . . , |G 2 | be all characters of G 2 , and let
where M consists of the complex conjugates of the entries of M and M is its transpose.
Since the entries on the right of (1) 
We include the following lemma for the convenience of the reader. 
Lemma 2.2 (Ma [12, Lemma 3.4]). Let a, b, c, r be non-negative integers with

Lemma 2.3. Suppose there exists a reversible
(2 2(s+t) u 2 , 2 t , 2 2(s+t) u 2 , 2 2s+t u 2 )-relative difference set R in a group G = H × N relative to N,
where s > 0 and t 2 and u is odd. Let p be a prime divisor of u. We can write
0 . Then R can be written as
Since (R) = 0 or ±2 s+t u 0 p k for every non-principal character of G and gcd(p, |H 0 × N|) = 1, we infer, by the Fourier inversion formula, that p k
which implies 2 − 2 t + 2 t − 1 0. The only possible solutions are = 1 or = 2 t − 1. Both cases give us an equality of (4). Thus we conclude that
where R 1 and R 2 form a partition of H 0 × N. Note that t 2 and, by Lemma 2.2,
For the second part of Theorem 1.3, it suffices to prove the case t = 2. Let n = 2 s+1 u and
where R 0 , R 1 , R 2 and R 3 are subsets of H which form a partition of H. 
Proof. If
From (5)- (7) and (6)- (8), we get
Let ∈ H be a non-principal character. Then either
follows from the fact that (R 0 + R 2 ) = ±n and (R 1 + R 3 ) = ∓n. The converse follows from straightforward character computations.
Since 2 R is also a reversible (4n 2 , 4, 4n 2 , n 2 )-relative difference set in G=H × N relative N whenever R is, we can, without loss of generality, assume that |R 1 | = |R 2 | = |R 3 |.
Corollary 2.5. If
and n must be a multiple of 4.
Proof.
The character values of R 0 , R 1 , R 2 and R 3 can be explicitly obtained from the Proof of Lemma 2.4 and (11) can be easily verified with these character values. Suppose n = 4k + 2, by (11), we have
which is impossible because the map x → x 2 from H to itself is not surjective as |H | is even. Hence n is a multiple of 4.
Galois rings over Z/p 2 Z
In this section, we provide background material on Galois rings over Z/p 2 Z which will be used in the next section to construct reversible relative difference sets. We will use Cartesian coordinates instead of p-adic notations to represent elements in these Galois rings. The advantage of our presentation is that the arithmetic operations in the Galois rings can be made explicit, which in turn makes computation more transparent. The equivalence of our notation and the p-adic ones in [13, 16] is left to the reader to fill in.
Let q = p n , where p is a prime. Let F q be the finite field of order q. The Frobenius automorphism is denoted by , that is (x) = x p for all x ∈ F q . The inverse automorphism of is denoted by p √ . We define
Note that p (x, y) is a polynomial with integer coefficients. The Galois ring over Z/p 2 Z with residue field F q , denoted by GR(F q ), is defined to be F q × F q equipped with the following addition and multiplication,
For instance, if p = 2 then 2 (x, y) = xy and the addition in GR(F q ) is given by
From [7, Section 4.1], the additive group (GR(F q ), +) is isomorphic to (Z/p
then M is the unique maximal ideal of GR(F q ) and GR(F q )/MF q , and T is the Teichmuller system of GR(F q ), i.e. T is a set of representatives of cosets in GR(F q )/M and T * = T \{(0, 0)} forms a multiplicative subgroup which is isomorphic to the multiplicative group of the residue field F * q = F * q \{0}. When n = 1, there is a unique ring isomorphism between GR(F p ) and Z/p 2 Z which takes the identity (1, 0) to 1. Using this isomorphism, we can calculate, for a fixed complex primitive p 2 th root of unity p 2 , the value of
where p = p p 2 is a primitive pth root of unity. Let n |n and q = p n . Then F q is a Galois extension of F q and there is a trace map tr q/q : F q → F q defined by
for every x ∈ F q . Similarly, GR(F q ) is a Galois extension of GR(F q ) and the trace map Tr q/q : GR(F q ) → GR(F q ) is defined by
for every (x, y) ∈ GR(F q ). When n = 1, the trace maps tr q/p and Tr q/p are called absolute trace maps and denoted by tr and Tr, respectively.
We end this section with a description of characters of additive groups of F q and GR(F q ) which can be found in [16] . [16] ). All additive characters y of F q , y ∈ F q , are given by
Lemma 3.1 (Yamamoto and Yamada
where p is a primitive pth root of unity.
All additive characters of GR(F q ), ∈ GR(F q ), are given by
where p 2 is a primitive p 2 th root of unity.
Proof of Theorem 1.4
This section is devoted to prove Theorem 1.4. We use Lemma 2.4 together with the Galois rings to explicitly construct reversible (2 2m , 4, 2 2m , 2 2m−2 )-relative difference sets in (Z/4Z) m+1 for all m 3. We begin with the following rather trivial lemma. 
From our choices of a, b 1 and b 2 , it is clear that 1 ∈ K 2 ⊂ H and
∈ H , we can use H, K 1 and K 2 to partition the Galois ring GR(F) by letting
where F * = F\{0}. It can be easily checked that
The next several lemmas show that R 0 , R 1 , R 2 and R 3 satisfy Lemma 2.4 (iii) and, therefore, there is a reversible (2 2m , 4, 2 2m , 2 2m−2 )-relative difference set in GR(F) × Z/4Z.
We first prove that R 1 + R 2 is an Hadamard difference set in GR(F) and has the correct character values as specified in Lemma 2.4 (iii). We then show that R 1 + R 3 is a reversible Hadamard difference set in GR(F).
Lemma 4.2. The set R 1 + R 2 is an Hadamard difference set in GR(F) and for every nonprincipal character of GR(F), (R
Proof. For every (g 1 , g 2 ) ∈ GR(F), we have
is the principal character of GR(F) and
If g 1 = 0 and g 2 = 0, then
tr(g(x+g 0) ) (−1) 0) ) (−1) 0) ) (−1) 0) ) (−1) 0) ) (−1)
On the other hand, by setting g * = g −1 1 g 2 , one has 0) ) (−1)
and 0) ) (−1)
Since tr(a(
Then 2 = (−1) tr(a) = 1 and hence = ±1. Therefore
Lemma 4.3. The set R 1 + R 3 is an Hadamard difference set in GR(F).
Proof. For every
If g 1 = 0 and g 2 = 0, then Perfect quaternary arrays (PQA) can be used for sequence design for 4-phase digital signals with good correlation. We refer the reader to [1, 8] for more detail. If n = 1 then is a perfect quaternary sequence. The PQA is flat if the list (h)(hg), h ∈ H , contains each of the four elements ±1, ± √ −1 an equal number of times.
Not many examples of PQA are known. Perfect quaternary sequences exist for s 1 = 4, 8, 16 and it is conjectured that these are the only values possible. Some non-flat examples of PQA with n = 2 are given in [1] .
A PQA corresponds to a complex Hadamard matrix [1] , while a flat PQA corresponds to a generalized Hadamard matrix with entries in N and also to an ordinary Hadamard matrix of twice the size [8] . A PQA which is flat is equivalent to a semiregular RDS with respect to a forbidden subgroup isomorphic to Z 4 . 
